ABSTRACT. It has been conjectured that varieties of general type do not admit nowhere vanishing holomorphic one-forms. We confirm this conjecture for smooth minimal varieties and for varieties whose Albanese variety is simple.
INTRODUCTION
The impact of zeros of vector fields on the geometry of the underlying variety has been studied extensively, cf. [Bot67] , [BB70] , [BB72] , [CL73] , [CHK73] , [CL77] , [ACLS83] , [AC83] , [ACL86] . For instance, it is known that the existence of a nowhere zero vector field on a compact complex manifold implies that all of its characteristic numbers vanish.
Carrell asked whether something similar is implied by the existence of a nowhere vanishing holomorphic one form. He proved that this is the case for surfaces, namely if S is a compact complex surface admitting a nowhere vanishing holomorphic one form, then c 1 (S) 2 and c 2 (S) are zero [Car74] . On the other hand, he also gave an example of a threefold X, a P 1 -bundle over an abelian surface, for which c 1 (X) 3 = 0. This suggests that one needs to treat varieties with negative Kodaira dimension differently.
At the same time, Carrell's proof in the surface case starts by proving that a surface admitting a nowhere vanishing holomorphic one form is necessarily minimal, i.e., contains no (−1)-curves. Hence one might suggest the following. Wild Guess 1.1. If X admits a nowhere vanishing holomorphic one form, then X is minimal.
Unfortunately, we cannot expect this to hold in higher dimension: Let X = A × Y where A is an abelian variety and Y is arbitrary, or more generally let X admit a smooth morphism onto an abelian variety A with general fibre Y . Then X admits nowhere vanishing holomorphic one forms, namely the ones pulled back from A, but if Y is not minimal, then neither is X. The reason that this didn't happen for surfaces is that every smooth curve is minimal.
So one may try the other part of the problem and ask whether the existence of a nowhere vanishing holomorphic one form on a minimal variety X implies that c 1 (X) dim X = 0. For a minimal variety X, K X is nef, therefore c 1 (X) dim X = 0 is equivalent to K dim X X > 0 which is equivalent to X being of general type.
We are also led to varieties of general type via a different path. If X admits a nowhere vanishing holomorphic one-form, then [GL87, Theorem 3.1] implies that for generic P ∈ Pic 0 (X), one has H i (X, Ω j X ⊗P) = 0 for all i, j. In particular, χ(X, ω X ) = 0. On the other hand, when X is of maximal Albanese dimension (i.e., dim X = dim alb X (X))) and Alb(X) is simple, then X is a variety of general type if and only if χ(X, ω X ) > 0.
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All of these considerations naturally lead to the following conjecture. Conjecture 1.2. Let X be a smooth projective variety of general type. Then X does not admit a nowhere vanishing holomorphic one form.
Finally observe, that once we restrict to varieties of general type, (1.1) does not seem so wild anymore and one has a much more reasonable guess. Conjecture 1.3 (Carrell) . Let X be a smooth projective variety of general type. If X admits a nowhere vanishing holomorphic one form, then X is minimal. REMARK 1.4. As mentioned above, this is known for surfaces and using the classification of extremal contractions one can easily see that it also holds for threefolds. This was explicitly checked in [LZ03, Lemma 2.1].
Conjecture 1.2 has been confirmed for canonically polarized varieties (i.e., whose canonical divisor is ample) in [Zha97] and for threefolds in [LZ03] .
An immediate consequence of this conjecture is that a variety of general type does not admit any smooth morphisms onto an abelian variety. For other applications the reader is referred to [Zha97] .
In this article we first prove Conjecture 
DEFINITIONS AND NOTATION
denotes the zero locus of θ. Let F be a torsion-free sheaf on X and ι : U ֒→ X the locus where F is locally free. Then S m (F ) denotes the reflexive hull of the m th symmetric power of
SMOOTH MINIMAL MODELS
The main goal of this section is to prove the following. Theorem 2.1. Let Y be a projective variety with only rational singularities of dimension n, and let φ :
Before we can prove this theorem we need some preparation. Let X be a smooth variety of dimension n. Let Φ be the functor of regular functions and Ψ the functor of Kähler differentials, i.e., Φ X = O X and Ψ X = Ω X . Then any θ ∈ H 0 (X, Ω X ) induces a morphism θ X : Φ X → Ψ X . In fact it induces a morphism θ X i : Φ X i → Ψ X i via pull back for every X i that admits a morphism, φ i : X i → X, to X. In other words θ induces a natural transformation from Φ to Ψ in the category of X-schemes. Then by [Kov04, 2.6, 2.9] there exists a functorially defined Q r θ X ∈ Ob(D(X)) for all r ≥ −1 such that for every p ∈ N there exists a distinguished triangle,
induced by taking the wedge product with θ is exact. Let E −1 = 0, and 
2.2) The definition is functorial, i.e., if φ : X → Y is a morphism of complex schemes, then
there exists a natural map φ * of filtered complexes 
To extend the definition of Q p θ X to singular varieties we need the following.
is independent of the hyperresolution chosen.
Proof. Let α be a morphism of hyperresolutions. 
for every p ∈ N, so by (2.2.5),
is surjective for all p, and then
On the other hand, the previous observation in the case Z(θ) = ∅, (2.2.2), (2.2.3), (⋆⋆) and [Kov04, 4.1] implies that the following diagram is commutative:
Now ρ has a left inverse, and hence in turn the morphism
Theorem 2.5. Let X be a smooth projective variety such that ω X is nef and big, and let Y has rational singularities by [Elk81] (cf. [Kov00] ), and ω Y is a line bundle by the Basepointfree theorem [KM98, Theorem 3.3] (cf. [Rei83] ). In particular, Y is Gorenstein.
, and hence by Theorem 2.1, if ω Y is ample, then Z(θ) = ∅. Therefore it is enough to prove that ω Y is ample.
Consider the canonical model of X:
We want to prove that Y ≃ Z. By construction there is a natural morphism ψ : X → Z that factors through φ. Let η : Y → Z be the induced morphism such that ψ = η • φ.
For all a ∈ A, ω Ya is ample. On the other hand, for any curve C contained in a fibre of η, ω Y = η * ω Z is trivial on C. Hence Y a intersects every fiber of η in a zero dimensional subscheme.
Let E be a component of the exceptional locus of η. By [Kaw91, Theorem 2], E is covered by rational curves that are contracted by η. By the above observation these rational curves cannot be contained in any of the Y a . Since A does not contain any rational curves we conclude that E must be empty.
Thus Y ≃ Z, in particular ω Y is ample.
VARIETIES WHOSE ALBANESE VARIETY IS SIMPLE
Theorem 3.1. Let X be a smooth variety of general type and alb X : X → A : = Alb(X) its Albanese morphism. If A is simple, then any holomorphic one-form θ ∈ H 0 (X, Ω 1 X ) has a non-empty zero set.
We are going to study the Albanese morphism of X and employ different strategies depending on whether it is surjective or not. CASE I: alb X IS NOT SURJECTIVE. A ) such that θ| Z vanishes at some point z ∈ Z. It is easy to see that W is closed and so it suffices to show that W is dense in H 0 (A, Ω 1 A ). Let r = dim Z and Z 0 the set of smooth points of Z. For any z ∈ Z 0 , one has that the tangent space
be the closure of the image Z 0 of the corresponding projective bundle P := P(T (Z 0 ) ⊥ ) under this map. One sees that if
Let p ∈ Z be a general point, then dim Z < g − 1 implies that the corresponding fiber P p is positive dimensional. Consider now the projection π : P → Z 0 and the subvariety Z p given by the closure of π( 
has a non-empty zero set. 
X ) vanishes at some point x ∈ X. As above, W is closed and so it suffices to show that it is dense.
Consider D 0 ⊂ D a (non-empty) open set such that for all z ∈ D 0 there is a point x ∈ X z with rank(dα x ) = g − 1 (cf. [Har77, III.10.6]) and D is smooth at z. Let x 1 , ..., x g be local coordinates of A at z such that D is defined by x g = 0 and
A ) and θ| D vanishes at z and α * θ vanishes at some point x ∈ X such that a(x) = z (in fact at any such point with rank(dα x ) = g − 1). Since D is of general type, by [GH79] (cf. [Mor87, (3.9)]), its Gauss map is generically finite and so one sees that the set
. (Reasoning as in the previous proposition, we have that P ∼ = Z 0 and P → P g−1 is generically finite and so it is dominant.) k with H k an ample line bundle on A k . Let g = dim A, r = dim X − dim A, and k = 3r(g − 1)ma. Further let H k be a divisor on A k such that O A (H k ) ≃ H k and finally let
) −m is also big. Since H k is ample, 3H k is very ample. Let C be a curve obtained by intersecting g − 1 general elements in |3H k | and A := H This is impossible and hence α is not smooth in codimension one.
Proof. (of Theorem 3.1) Since A is simple, by [Uen75, 10.9] (cf. [Mor87, Theorem 3.7]) any proper subvariety of A is of general type. By (3.3) we may assume that alb X : X → A is surjective. Then by (3.5), we may assume that alb X is smooth in codimension one (again using [Uen75, 10.9 ] to see that every divisor is of general type). Now let X → Z → A be the Stein factorization of alb X . Then Z → A is smooth and hence étale in codimension one, so Z is birational to an abelian variety. It follows that Z is birational to A and alb X : X → A is an algebraic fiber space. Since X is of general type, (alb X ) * (ω m X/A ) = (alb X ) * (ω m X ) is big for some m > 0, but by (3.6) this is impossible.
